In this work, we give a precise mathematical description of a chiral gapless edge of a 2d topological order (without symmetry). We show that the observables on the 1+1D world sheet of such an edge consist of a family of topological edge excitations, boundary CFT's and walls between boundary CFT's. These observables can be described by a chiral algebra and an enriched monoidal category. This mathematical description automatically includes that of gapped edges as special cases. Therefore, it gives a unified framework to study both gapped and gapless edges. Moreover, the boundary-bulk duality also holds for gapless edges. More precisely, the unitary modular tensor category that describes the 2d bulk phase is exactly the Drinfeld center of the enriched monoidal category that describes the gapless/gapped edge. We propose a classification of all gapped and chiral gapless edges of a given bulk phase. In the end, we explain how modular-invariant bulk rational conformal field theories naturally emerge on certain gapless walls between two trivial phases.
Introduction
It is well-known that the fusing-braiding properties of topological excitations in a 2d topological order (without symmetry) can be described by a unitary modular tensor category (UMTC) (see a review [Ki1, Appendix E] ). A 2d topological order is uniquely determined by a pair (C, c), where C is the UMTC of topological excitations and c is the chiral central charge. If the topological order (C, 0) has a gapped edge, the edge can be mathematically described by a unitary fusion category (UFC) M such that the Drinfeld center Z(M) of M coincides with C [KK, FSV, Ko6] . The fact that the bulk phase is uniquely determined by the gapped edge as its Drinfeld center is also called boundary-bulk duality.
In general, 2d topological orders (without symmetry), such as quantum Hall systems, have topologically protected gapless edges [Ha, W1, MR, W2] (see reviews [W2, W3, W4, NSSFS] and references therein). A gapless edge is significantly richer than a gapped edge because gapless edge modes are described by 1+1D rational conformal field theories (RCFT's) [BPZ, MSei] , the mathematical structures of which are much richer than a UMTC [MSei, Tu, KLM, Hu7] . As far as we know, the precise mathematical description of a gapless edges is still not known.
In the last twenty years, the mathematical theory of boundary-bulk (or open-closed) RCFT's has been successfully developed from at least three different perspectives (see the conformalnet approach in [LR, R1, R2, KLM] , the 2+1D-TQFT approach in [FFFS, FS1, FRS1, FjFRS2] and the vertex-operator-algebra approach in [Hu1, HK1, HK2, Ko3] , and references therein). These mathematical developments have revealed a universal phenomenon: the mathematical structures of a boundary-bulk RCFT can be split into two parts. One part consists of a unitary rational chiral algebra V (or a conformal net in the first approach), also called a unitary rational vertex operator algebra (VOA) (see for example [LL, DL] ) in mathematics, such that the category Mod V of V-modules is a UMTC [Hu7] . The other part is a pure categorical structure containing certain algebras in Mod V and its Drinfeld center Z(Mod V ). This suggests that it might be possible to describe a chiral gapless edge of a 2d topological order (C, c) by a pair (V, M ), where V is a VOA and M is a purely categorical structure that can be constructed from Mod V , C and perhaps additional categorical data. The main goal of this paper is to show that this is indeed possible.
In Section 2, we recall some basic facts of boundary-bulk CFT's. We explain that if a boundarybulk CFT preserves a chiral symmetry given by a VOA V on the boundary, then there is a very simple but equivalent categorical description of such a boundary-bulk RCFT as certain algebras in UMTC's. We summarize the results in a physics/mathematics dictionary at the end of this section. In Section 3, we explain that observables on a chiral gapless edge of a 2d topological order consist of a family of topological edge excitations, boundary CFT's and walls between these boundary CFT's. These boundary CFT's and walls are required to preserve a chiral symmetry given by a VOA V such that Mod V is a UMTC. This symmetry condition allows us to describe all boundary CFT's and walls equivalently by certain algebras and objects in B := Mod V . As a consequence, all these observables organize themselves into a B-enriched monoidal category X (see Def. A.16) . We denote such a gapless edge by the pair (V, X ). In Section 4, we describe a canonical gapless edge (V, B ) of a 2d bulk phase (B, c) , where the enriched monoidal category B is canonically obtained from B. The boundary-bulk duality holds in this case. Namely, the Drinfeld center Z(B ) of B coincides with the UMTC B [KZ2] . In Section 5, we explain that we can obtain a new gapless edge of a bulk phase (C, c) by fusing a gapped domain wall M between two bulk phases (C, c) and (B, c) with the canonical gapless edge (V, B ) of (B, c) . This new edge can again be described by a pair (V, M ), where M is a B-enriched monoidal category canonically constructed from the pair (B, M) . Moreover, the boundary-bulk duality holds, i.e. Z(M ) = C. This mathematical description of gapless edges (as pairs (V, M )) automatically includes that of gapped edges as special cases. In this way, we have obtained a unified mathematical theory of gapless and gapped edges. This leads us to propose, in Section 6, a mathematical classification of all gapped and chiral gapless edges of a given bulk phase (C, c) . In Section 7, we explain how a modular-invariant bulk CFT naturally emerges as a hom space in an enriched monoidal category describing certain gapless walls between two trivial 2d topological orders. We also discuss briefly 0d defects between edges. In Section 8, we give a summary and outlooks. In Appendix, we recall the mathematical definitions of various algebras in a UMTC and the definition of an enriched monoidal category.
Basics of boundary-bulk CFT's
In this section, we briefly review the categorical description of various ingredients of boundarybulk CFT's [FRS1, Ko3] (see a review [Ko4] and references therein). The mathematically definitions of various algebras in UMTC's are given in Section A.1.
The most important ingredient of a 2d CFT is a chiral algebra V [MSei] . It was defined rigorously in mathematics as a vertex operator algebra (VOA) (see for example [LL] ). It is a graded vector space V = ⊕ ∞ n=0 V (n) . The grading n for V (n) is called the conformal weight, which is also an eigenvalue of the grading operator
By the state-field correspondence, for each φ ∈ V, there is a unique chiral field φ(z) associated to φ ∈ V. The chiral field φ(z) depends on z holomorphically. More precisely, φ(z) can be expanded as φ(z) = n∈Z φ n z −n−1 , where φ n is a linear operator that maps
There is a distinguished weight 2 element T ∈ V (2) . The chiral field T(z) is the called the energystress tensor and can be expanded as follows:
where L(0) is the grading operator and L(n), n ∈ Z generate a Lie algebra called Virasoro algebra defined by
where c is a complex number called the central charge of V. Chiral fields in V have operator product expansions (OPE), i.e.
The OPE is commutative, i.e. φ(z 1 )ψ(z 2 ) ∼ ψ(z 2 )φ(z 1 ). In mathematics, this OPE and its properties were rigorously defined as the data and axioms of a VOA. A simple V-module W (or an irreducible representation of V) is again a graded vector space, i.e. W = ⊕ ∞ n=0
For example, the Ising VOA V has three simple V-modules, 1, ψ, σ, where 1 is just V itself and
The set of all V-modules and V-module maps (linear maps that intertwine the V-actions) form the category of V-modules, denoted by Mod V .
The states (or chiral fields) in two different V-modules can be fused into the third V-module according to the so called chiral vertex operators 2 , which also have OPE. These OPE were conjectured in [MSei] for RCFT's, and was mathematically proved in [Hu2, Hu5] , and was shown to provide a monoidal structure on Mod V [HL1, HL2, HL3, HL4, Hu2] . Namely, two V-modules x and y can be fused to give a new V-module x ⊗ y = y ⊗ x, which is a direct sum of simple V-modules. For example, for Ising VOA V, we have
The fusion product ⊗ and the braidings x ⊗ y c x,y − − → y ⊗ x endow Mod V with a braided monoidal structure. Moreover, when the VOA V is unitary [DL] and rational [Hu7] , the category Mod V is a unitary modular tensor category (UMTC) [Hu6, Hu7, Hu8] . The tensor unit 1 in Mod V is nothing but V itself. Each object x in Mod V has a dual object denoted by x * and the duality maps u x : 1 → x ⊗ x * and v x : x * ⊗ x → 1. For example, for Ising VOA V, all objects in Mod V are self-dual, i.e. 1 = 1
In a boundary CFT [C1, C2, CL] , the chiral fields on the 0+1D boundary (also called boundary fields) also have OPE [CL, FRS2] , which form a mathematical structure called open-string vertex operator algebra (OSVOA) [HK1] . A VOA is automatically an OSVOA. In general, an OSVOA A is R-graded A = ⊕ i∈R A (i) . An OSVOA A always contains a VOA generated by the energy-stress tensor T A ∈ A (2) and T A (r) = n∈Z L(n)r −n−2 , where r is the coordinate of the boundary and can be chosen to be positive real numbers. In general, a boundary field φ(r) = n∈R φ n r −n−1 can have non-integer powers of r, and the OPE of an OSVOA is not commutative. Therefore, an OSVOA can be viewed as a non-commutative generalization of a VOA.
An OSVOA A is called an OSVOA over V if it is an extension of a VOA V by V-modules and boundary fields in A are all chiral vertex operators of V. This VOA V should be viewed as the chiral symmetry of A. When the chiral symmetry V is unitary and rational, Mod V is not only a UMTC, but also a vertex tensor category [HL1, Hu2, Hu8] , which allows us to reduce the complicated OPE structures in A to a simple categorical structure: an algebra A in the UMTC Mod V [HK1] (conjectured in [KO, FS1] ). By definition, an algebra A in Mod V is just an object A (i.e. a V-module), together with a multiplication morphism m : A ⊗ A → A and a unit morphism ι : 1 → A, i.e. a triple (A, m, ι), such that
The information of OPE is completely encoded in the morphism m : A ⊗ A → A; and that of the chiral symmetry is encoded in the morphism ι : 1 → A (i.e. an embedding V → A) and the fact that both A and m are in Mod V . This miraculous simplification is the key to the success of the categorical classification of boundary-bulk RCFT's in [FRS1, FjFRS2, Ko3, KR2] . Using this equivalence, it is very easy to construct OSVOA's over V. For example, let x be a V-module, i.e. an object in Mod V . Then the internal hom [x, x] = x ⊗ x * , together with
gives an algebra in Mod V , i.e. an OSVOA over V.
Remark 2.1. If A happens to be a VOA extension of V, then it is equivalent to a commutative algebra in Mod V [HKL] (conjectured in [KO] ), i.e. an algebra such that m•c A,A = m. For example, [1, 1] = 1 is the simplest commutative algebra in Mod V .
A boundary CFT A bdy over V is an OSVOA over V equipped with a non-degenerate invariant bilinear form, which upgrade A bdy to a symmetric Frobenius algebra in Mod V [Ko3] (see Def. A.6).
A bulk CFT contains bulk fields φ(z,z) that depend on both the holomorphic variable z and the anti-holomorphic variablez. Bulk fields also have OPE, which form a mathematical structure called a full field algebra [HK2] . Let U be a VOA, and let V be the same VOA as V but consisting of only anti-chiral fields ψ(z) for ψ ∈ V. The tensor product U ⊗ C V with φ(z,z) = u(z) ⊗ C v(z) for φ = u ⊗ C v ∈ U ⊗ C V gives an example of full field algebra. A full field algebra A bulk is called a full field algebra over U ⊗ C V if it is an extension of U ⊗ C V by objects in Mod U Mod V and all bulk fields are chiral vertex operators of the VOA U ⊗ C V. U is called the chiral symmetry of A bulk and V is called the anti-chiral symmetry of A bulk . A full field algebra over U ⊗ C V is equivalent to a commutative algebra in Mod U Mod V [Ko1] . A modular-invariant bulk CFT over U ⊗ C V is a full field algebra over U ⊗ C V equipped with a non-degenerate invariant bilinear form and a unique vacuum such that its genus-one correlation functions are all modular-invariant [HK3] . It is equivalent to a Lagrangian algebra in Mod U Mod V [Ko3, KR2] (see Def. A.3). For example, the well-known charge-conjugate modular-invariant bulk CFT over V ⊗ C V is given by the Lagrangian algebra
A boundary-bulk CFT consists of a boundary CFT A bdy and a modular-invariant bulk CFT A bulk satisfying some compatibility conditions [Ko3, KR2] (see a different formulation in [FRS1, FRS2, FjFRS1] ), one of which requires that the chiral symmetry of A bdy coincides with both the chiral and anti-chiral symmetries of A bulk (see [Ko2, Def. 1.25] ). This condition implies that A bdy is a boundary CFT over V and A bulk is a bulk CFT over V ⊗ C V. If we include all compatibility conditions (such as the Cardy condition), then A bdy must be a connected special symmetric Frobenius algebra (CSSFA) in Mod V (see Def. A.6 & Remark A.7) , and A bulk must be the Lagrangian algebra (see Def. A.3) given by the full center Z(A bdy ) of A bdy in Mod V Mod V [FjFRS2, KR2] . For example, the internal hom algebra [x, x] an OSVOA over V with the chiral symmetry given by V = an algebra in Mod V a boundary CFT over V a symmetric Frobenius algebra in Mod V a modular-invariant bulk CFT a Lagrangian algebra A bulk over U ⊗ C V in Mod U Mod V boundary-bulk CFT over V contains:
1. a boundary CFT over V a CSSFA A bdy in C := Mod V 2. a modular invariant bulk CFT over V ⊗ C V a Lagrangian algebra A bulk in C C 3. boundary-bulk duality A bulk = Z(A bdy ), where Z(A bdy ) is the full center of A t = 0
Figure 1: The picture (a) depicts a 2d topological order (C, c) on a 2-disk, together with a 1d gapless edge, propagating in time. When a topological bulk excitation a ∈ C is moved to the edge at t = 0, it creates a topological edge excitation x or a boundary condition M x for the OSVOA A x living on the t > 0 part of the world line. At t = t 1 > 0, the topological edge excitation x is changed to another topological edge excitation y. This change creates a wall M x,y between A x and A y . The picture (b) depicts the quasi-1+1D world sheet obtained by stretching the picture (a) along the dotted arrow from a to x.
Observables on a chiral gapless edge
A 2d topological order is described by a UMTC C and the chiral central charge c, i.e. a pair (C, c).
The chiral central charge is defined by the difference between the central charges of the right movers and the left movers, i.e. c = c R − c L . It modulo 8 equals to the topological central charge of C. In this work, we only study chiral gapless edges. Objects in C are topological excitations. The tensor unit 1 C of C represents the trivial topological excitation. We denote the fusion product in C by ⊗. The simplest UMTC is the category H of finite dimensional Hilbert spaces. The pair (H, 0) describes the trivial 2d topological order.
Suppose that the 2d bulk phase (C, c) is realized on an open 2-disk, and the edge of the 2-disk is gapless and chiral. We depict the 1+1D world sheet of the edge as a cylinder in Figure 1 (a). The chiral fields associated to chiral edge modes live on the entire 1+1D world sheet. These chiral fields have OPE, which are described mathematically by a chiral algebra with the central charge c, or a VOA U with the central charge c. In general, the category Mod U of U-modules might not coincide with C (see Section 5).
This VOA U is not the only observables on the gapless edge. In Figure 1 (a), at t = 0, a topological bulk excitation a is moved to the edge, it creates a topological edge excitation (or a defect) labeled by x on the edge at t = 0. This excitation x is different from those gapless excitations in the chiral edge modes, and should be viewed as certain super-selection sector, and is similar to a topological edge excitation on a gapped edge [KK, Ko5] ). There are chiral fields (also called defect fields or chiral vertex operators) living on x at t = 0 [W1, WW, WWH] . They form a vector space M x . In general, non-trivial topological bulk excitations might condense on the edge, and there might be more topological edge excitations than those from the bulk.
Note that the topological edge excitation x is also a wall between the t > 0 part of the world line (the blue line in Figure 1 (a)) and t < 0 part. The chiral fields on the t > 0 part of the world line supported on x are potentially different from those in U. These chiral fields must also have OPE. Mathematically, this OPE structure of chiral fields in A x alone forms an OSVOA (see Section 2). We denote the trivial topological edge excitation by 1. When x = 1, it is clear that A 1 = U. We will argue that this OSVOA A x is one of the boundary CFT's of a modular invariant
Figure 2: This picture depicts the fusion of the chiral fields φ(z) in U into those in A x along different paths. Chiral fields Ψ(t) in the boundary CFT A x (or A y ) are restricted on the world line (the t-axis), which is also the blue line in Figure 1 . Defect fields Φ(t 1 ) in M x,y are restricted on the point t = t 1 .
bulk CFT. Indeed, stretching the cylinder in Figure 1 (a) along the dotted arrow from a to x, we obtain the quasi-1+1D world sheet with two boundaries, one of which is the 0+1D world line supported on x, as depicted in Figure 1 (b). Chiral fields on this boundary A x (and other data A y and M x,y which will be explained later) remain the same during this process. It is clear that both chiral and anti-chiral fields live on this quasi-1+1D world sheet. It was shown in [CZ, Sec. 2 .1] that they form a modular invariant bulk CFT A bulk . This fact was also emphasized in [RZ, Le] as a consequence of the following no-go theorem: any 1+1D conformal field theory realized by a 1d lattice Hamiltonian model is modular invariant. Therefore, the OSVOA's A x is one of the boundary CFT's of the modular invariant bulk CFT A bulk .
Remark 3.1. We have argued on the physical level of rigor that A x is a boundary CFT of a modular invariant bulk CFT. Mathematically, however, it is not a clear statement because there are different mathematical definitions of a boundary-bulk CFT. Here we assume that a boundarybulk CFT satisfies Segal's type of axioms of an open-closed CFT of all genera [Hu4, Ko3] , including modular invariance condition, Cardy condition, etc. In other words, we propose the following conjecture (as a generalized "no-go theorem"): A 1+1D boundary-bulk conformal field theory realized by a 1d lattice Hamiltonian model with boundaries should satisfy the mathematical axioms of an open-closed CFT of all genera.
Remark 3.2. Although using boundary CFT's to study 0d defects or impurities in other condensed matter systems has a long history [AL1, AL2] , we were advised by referees that those condensed matter systems are quite different and can not be used to justify the appearance of boundary CFT's here. We are not aware of any earlier works that have mentioned or studied the boundary CFT's on the gapless edges of 2d topological orders. That chiral vertex operators live on the defect x was known in 90's (see [WW, WWH] ). But it is far from enough to imply that A x is a boundary CFT. See Remark 4.3 for a further discussion. Remark 3.3. We will come back in Section 7 to give a mathematically precise description of this stretching (or dimensional reduction) process and to identify precisely which modular invariant bulk CFT is obtained at the end of this process.
In order to be a well-defined boundary CFT, this OSVOA A x is required to satisfy certain compatibility conditions with U. More precisely, fusing chiral fields in U into those in A x along a path γ defines an OSVOA map ι γ : U → A x (see Figure 2 ). The minimal symmetry requirement for A x to be a consistent boundary CFT is that ι γ should preserve the conformal symmetry [C1] . More precisely, let T U and T A x be the sub-VOA's in U and A x generated by the energy-stress tensors T U ∈ U and T A x ∈ A x , respectively. Preserving the conformal symmetry means that ι γ | T U : T U → T A x is a VOA isomorphism and independent of paths. More generally, one can require ι γ to preserve a larger chiral symmetry given by a sub-VOA V of U, i.e. ι γ | V : V → A x is an injective OSVOA homomorphism and independent of paths (see for example [HK1, Ko2] ). This independence-of-path condition implies that V is the chiral symmetry of A x , or equivalently, A x must be a boundary CFT over V (recall Section 2). At the same time, the bulk CFT A bulk obtained in Figure 1 (b) must be a bulk CFT over V ⊗ C V. This chiral symmetry V, or the V-symmetry, is an important data in describing the gapless edge. We assume that V is unitary rational so that Mod V is a UMTC. As we have discussed in Section 2, A x must be a connected special symmetric Frobenius algebra (CSSFA) in Mod V (see Def. A.6 & Remark A.7) .
It is also possible to change a topological edge excitation x to another y on the same world line at t = t 1 > 0 as depicted in both Figure 1 (a) and Figure 2 . For example, one can move a topological bulk excitation b ∈ C to the world line at t = t 1 to give y = b ⊗ x in Figure 1 (a) . This process creates a wall (at t = t 1 ) between two boundary CFT's A x (on {0 < t < t 1 }) and A y (on {t > t 1 }). From Figure 1 (b) , it is clear that the OSVOA's A x and A y are two boundary CFT's of the same bulk CFT A bulk , and are CSSFA's in Mod V . The defect fields on the wall are a special kind of chiral vertex operators called boundary condition changing operators [C2] . They form a vector space M x,y . It is clear that we should have M 1,x = M x and M x,x = A x . Similar to A x , the wall M x,y should also preserve the V-symmetry. This condition means that M y,x must be an object in Mod V . Moreover, defect fields in M x,y can be fused with those in M y,z to give defect fields in M x,z . This fusion should commute with the V-actions, i.e. an intertwining operator of V. Therefore, it can be described by a morphism M y,z ⊗ M x,y → M x,z in Mod V [HL1] . When x = y = z, this morphism is nothing but the multiplication morphism A x ⊗ A x → A x that defines the algebra structure on A x . Remark 3.4. In general, V U (see Remark 5.1). According to [HKL] , the VOA U (i.e. A 1 ) is a commutative CSSFA in Mod V . Note that U also acts on M x,y . So M x,y is a left (or right) U-module. When M x,y = A x , U acting on A x via two different paths γ 1 and γ 2 in Figure 2 . But A x is not necessarily a local U-module ( [BEK, KO, FRS1] ) unless V = U or A x = U. According to [HKL] , a VOA-module over U is necessarily a local U-module in Mod V . Therefore, M x,y is not a VOA-module over U in general.
In summary, all the observables on 1+1D world sheet of a gapless edge of a given 2d bulk phase (C, c) can be described by a pair (V, X ), where X is a categorical structure:
• objects in X are topological edge excitations;
• for each pair x, y objects in X , there is a space hom X (x, y) := M x,y which is an object in Mod V ;
• an identity map
satisfying some natural physical properties, such as the unit property of the identity map and the associativity of the composition map. As a result, this categorical structure X is nothing but a category enriched in Mod V , or an Mod V -enriched category [Ke] (see Def. A.10). The last piece of structure is the fusion (on a time slide) of two topological edge excitations x and x, denoted by x ⊗ x as depicted in Figure 3 . It automatically provides a fusion between observables on two parallel world lines. This fusion provides
• a morphism M x ,y ⊗ M x,y → M x ⊗x,y ⊗y in Mod V for objects x, y, x , y in X , satisfying some natural properties. This fusion structure upgrades X to an Mod V -enriched monoidal category [MP] (see Def. A.16).
Figure 3: This picture depicts how to fuse horizontally (on the same time slide) two topological edge excitations (or boundary conditions of boundary CFT's) x and y, together with boundary CFT's A x , A y , A x , A y and walls M x,y , M x ,y . For convenience, we abbreviate x ⊗ x to x x in the picture.
Remark 3.5. Actually, the physics observables demand more structures than just an enriched monoidal category. For example, the topological edge excitations should be semisimple and have duals; the morphism M x ,y ⊗ M x,y → M x ⊗x,y ⊗y should factor through M x ,y ⊗ U M x,y M x ⊗x,y ⊗y (see Eq. (4.3)), etc. These will lead us too far to the mathematical details. We will postpone the discussion of them to [KZ3] .
Remark 3.6. The boundary-bulk duality 3 for topological orders in arbitrary dimensions was proved formally in [KWZ2] under some natural assumptions. It says that the bulk topological order should be given by the center of the boundary phase regardless how we describe the bulk and the boundary phases mathematically. This formal proof also works for the cases in which the boundary phase is gapless [KWZ2, Remark 5.7] . Therefore, if the enriched monoidal category X indeed gives a mathematical description of the gapless edge, then we expect that the Drinfeld center Z(X ) of the enriched monoidal category X , a notion which was recently introduced in [KZ2, Def. 2.1], gives exactly the UMTC C, i.e. Z(X ) = C.
A canonical chiral gapless edge
Let B be a UMTC such that there exist a rational VOA V of central charge c such that Mod V = B. We denote its tensor unit by 1 B . The creation and annihilation of a particle-antiparticle pair are described by the duality morphisms
We denote the braiding isomorphisms by c x,y : x ⊗ y → y ⊗ x for x, y ∈ B. We use B to denote the UMTC that is the same monoidal category as B but equipped with the braidings given by the anti-braidings in B.
In this section, we focus on the simplest gapless edge of (B, c) , called the canonical gapless edge. We describe all the observables on this canonical gapless edge below.
• Topological edge excitations are all obtained from moving topological bulk excitations to the edge. They are labeled by objects in B.
• B = Mod V for a rational VOA V.
• V = U, namely, all the boundary CFT's A x and wall between them M x,y are required to preserve the largest chiral symmetry V. As a consequence, M x,y are objects in B.
• M x = x as a V-module. For each x ∈ B, the boundary CFT A x is given by the internal hom [x, x] := x ⊗ x * , which is a CSSFA in B [FFFS, FRS1, Ko3] . Its algebraic structures are defined in Eq. (2.1). When x = 1 B , we have A 1 B = 1 B = V.
•
• Defect fields in [x, y] can be fused with those in [y, z] to give defect fields in [x, z] . This amounts to a morphism
which is defined as follows:
• The fusion of topological edge excitations (on the same time slide) depicted in Figure 3 demands a morphism M x ,y ⊗ M x,y → M x ⊗x,y ⊗y in B. It is defined as follows:
This canonical edge of (B, c) is the most studied edge in physics. But our description of the complete set of observables on this edge, especially the fusion of defects fields in (4.2) and (4.3), in terms of internal homs is new. These observables on the canonical edge of (B, c) can be summarized by a pair (V, B ), where B is a categorical structure:
• An object in B is a topological edge excitation, i.e. an object x in B;
• the hom space hom
• a morphism:
It was proved in [MP] that this categorical structure B is a B-enriched monoidal category. We denote this canonical edge by the pair (V, B Remark 4.3. It is generally accepted that a chiral gapless edge of a 2d topological order corresponds to the boundary of a 2+1D TQFT, and there are also convincing arguments that such a boundary supports a chiral CFT, which consists of a VOA V and conformal blocks (i.e. hom spaces in Mod V ). On the gapless edge, however, one only see chiral fields instead of the hom spaces in Mod V . As a consequence, the hom spaces are replaced by internal homs, and Mod V is replaced by enriched monoidal category B . This change is not contradicting to the statement "such a boundary supports a chiral CFT" because B is canonically obtained from B, and B can be recovered from B as its underlying category (see Definition A.13). But this change is not only physically natural but also crucial for the boundary-bulk duality to hold because B describes a gapped edge of a double-layered bulk, i.e. Z(B) = B B, while B describes a gapless edge of (B, c) 
The conclusion of this section is that the complete mathematical description of the canonical gapless edge of (B, c) is given by a pair (V, B ) , where V is a VOA such that Mod V = B, and B is the B-enriched monoidal category obtained from the pair (B, B) via the canonical construction given in Remark A.17.
General chiral gapless edges
Similar to gapped edges, in general, there are more than one chiral gapless edges for a given bulk phase (C, c) (see for example [PMN, CCBCN, CCMNPY, BN] ).
Similar to the fusion of gapped domain walls [KK, FS2, LWW, HW, AKZ, Ka] , we can obtain a new gapless edge of the 2d bulk phase (C, c) by fusing a canonical edge (V, B ) of (B, c) with a gapped wall M between (B, c) and (C, c). We denote the new gapless edge obtained from this fusion by (V, B ) We will give a detailed analysis of this new edge (V, B ) (B,c) M in [KZ3] . We simply state the results here. Recall that the gapped wall M between (B, c) and (C, c) can be described mathematically by a UFC, still denoted by M, equipped with a unitary braided equivalence ψ M : B C → Z(M) [KK, Ko6, AKZ] (see also [FSV, LWW, Ka] (V, B ) (B,c) M is described by V and a B-enriched monoidal category M , where M is uniquely determined by the pair (B, M) via the canonical construction given in Example A.17. Moreover, we proved in [KZ2, Cor. 3.3 ] that the Drinfeld center Z(M ) of M is exactly C, i.e. Z(M ) = C. Namely, the boundary-bulk duality still holds for this new gapless edge.
Remark 5.1. In general, U V. For example, let A be a condensable algebra in B and A 1 B . Let (C, c) be the 2d bulk phase obtained by condensing A in the 2d bulk phase (B, c) [Ko6] (see a review [B] and references therein), i.e. C = B 
Remark 5.2. On this new edge, all boundary CFT's [x, x] and walls [x, y]
preserve only the Vsymmetry instead of the U-symmetry. As a consequence, M is enriched in B = Mod V instead of in Mod U (recall Remark 3.4). We will give a detailed explanation of this phenomenon in [KZ3] .
Since M is uniquely determined by the pair (B, M), we denote the new edge (V, B ) (B,c) M by the triple (V, B, M). This notation has a lot of advantages. First, notice that the canonical edge (V, B ) of (B, c) , in the new notation, is just the triple (V, B, B) . Secondly, this notation automatically include the mathematical description of gapped edges as special cases (recall Remark 4.2). For example, if N is a gapped edge of a 2d bulk phase (D, 0), it can be expressed as a triple (C, H, N) , where C denotes the field of complex numbers, viewed as the simplest VOA with 0 central charge. Thirdly, the fusion product (V, B ) (B,c) M can be easily recovered by the following fusion formula (V, B ) (B,c) 
Since domain walls can be viewed as special cases of edges by the well-known folding trick, above construction also works for gapless/gapped domain walls. More precisely, for two given bulk phases (C, c 1 ) and (D, c 1 + c 2 ) (see Figure 4) , a gapless domain wall between them can be obtained by fusing a gapped 1d defect M at the intersection of C, A, D with the canonical edge (U, A ) of the bulk phase (A, c 2 ). This new wall is nothing but (U, A ) (A,c 2 ) M = (U, A, M). Now we consider the fusion of two such walls (U, A, M) and (V, B, N) depicted in Figure 4 . This picture suggests that we should fuse those (vertically illustrated) data on these two walls horizontally. This leads to the following fusion formula (which generalizes Eq. (5.2)):
where the relative tensor product M D N is defined in [Ta, ENO3, BBJ, KZ1] . We want to remark that M D N is, in general, not a UFC but a unitary multi-fusion categories even if M and N are both UFC's [KWZ1, AKZ] . It describes an unstable 1d gapped defect [KWZ1, AKZ] .
Remark 5.3. We have decorated each domain wall in Figure 4 by an arrow, which represents the orientation of 1+1D world sheets of the wall. More precisely, we introduce a complex coordinate (C, c 1 ) z = t + ix on the 1+1D world sheet as shown in Figure 4 , where the arrow on the wall coincides with the orientation of the x-axis. This arrow also indicates the order of the fusion product of two topological excitations on the wall. For example, if a topological excitation a is located at (0, 0) and b located at (0, 1) in the (t, x)-plane, then we fuse them as a ⊗ b (same as the convention in [KK, AKZ] ). If we only flip the arrow, say the one on the (V, B, N)-wall, then the same triple represents a different wall. If we not only flip the arrow but also change the triple (V, B, N), we can keep the wall physically unchanged. More precisely, in terms of the world sheet coordinate z = t + ix, flipping the arrow can be achieved by an orientation-reversing map t → t, x → −x, or equivalently, z →z. We use V to denote the same VOA as V but containing only anti-chiral fields φ(z) for φ ∈ V. It is clear that N should be replaced by N rev , which is the same category of N but equipped with a reversed tensor product ⊗ rev defined by a
The braided monoidal functor φ N : B → Z(N) is automatically a braided moniodal functor
. Also note that changing V to V is compatible with the change from B to B according to the construction of braidings in B in [Hu8] . Therefore, the triple (V, B, N), together with the arrow on the wall, represents the same wall as the triple (V, B, N rev ), together with a flipped arrow.
Classification of gapless/gapped edges
In Section 3, we have explained that a chiral gapless edge of (C, c) should be described by a pair (V, X ), where X is an Mod V -enriched monoidal category for a VOA V. Let B = Mod V . The objects in X are topological edge excitations. For x, y ∈ X , the hom space Hom X (x, x) is a boundary CFT, and Hom X (x, y) is a wall between two boundary CFT's Hom X (x, x) and Hom X (y, y). These boundary CFT's and walls between them all preserve the V-symmetry. In general, the chiral algebra U = hom X (1, 1) , where 1 is the trivial topological edge excitation, is a non-trivial extension of V (recall Remark 5.1).
Mathematically, it is known, by a nice work [MP] , that any B-enriched monoidal category X is equivalent to the one obtained from the canonical construction from a pair (B, X) , where X is a monoidal category of X equipped with a braided oplax-monoidal functor φ X : B → Z(X), i.e. X = (B, X). We have explained this canonical construction in Example A.17. In [KZ3] , we will argue that the only physical relevant cases are those (B, X) such that X is a UFC and φ M is a unitary braided monoidal functor. Note that φ M is automatically fully faithful by [DMNO, Corollary 3.26] .
Moreover, X should satisfy the boundary-bulk duality [KWZ2] . Namely, the Drinfeld center Z(X ) of X should coincide with the UMTC C. By [KZ2, Cor. 3 .3], we have Z(X ) = C if and only if Z(X) = B C. This implies that the UFC X can be physically realized by a gapped wall between (B, c) and (C, c). Therefore, the gapless edge (V, X ) of (C, c) should be nothing but the triple (V, B, X) constructed in Section 5.
Therefore, we propose a classification result of all gapped and chiral gapless stable edges associated to the same 2d bulk phase (C, c) as follows:
Gapped and chiral gapless stable edges of (C, c) one-to-one correspond to triples (V, B, X), where V is a VOA V with central charge c such that B = Mod V , and X is a unitary fusion category equipped with a unitary braided equivalence ψ X : B C − → Z(X). The edge is gapped if V = C and gapless if otherwise. Equivalently, one can replace the data X by a Lagrangian algebra A X in B C.
If we allow to include unstable edges, we can simply replace "fusion" by "multi-fusion" in the description of X (see [KWZ1, AKZ] ).
Remark 6.1. When V = C, this classification recovers the classification result of gapped edges of (C, 0). A non-chiral gapless edge of a bulk phase (C, 0) is gappable if there is UFC X such that Z(X) = C. An example of such non-chiral gappable walls is given in Section 7.
Remark 6.2. There is a nice classification of gapless edges for abelian 2d topological orders given in [CCMNPY] . It will be very interesting to compare our classification with that in [CCMNPY] . Constructing new gapless edges via the anyon condensations of a non-abelian bulk phase (C, c) was considered in some special cases in [BN] . In our constructions of gapless edges, the Witt equivalence relation between C and B not only includes the cases, in which (B, c) is obtained from (C, c) via an anyon condensation [Ko6] , but also more general ones, in which both (B, c) and (C, c) are obtained from anyon condensations of another bulk phase (D, c) [DMNO, Ko6] .
Our classification proposal reduces the problem of classifying all chiral gapless edges of a given bulk phase (C, c) to the problem of classifying all VOA's whose module categories are Witt equivalent to C. The later problem is still widely open. Interestingly, if every (C, c) can indeed be realized by a 2d topological order and if C is not Witt equivalent to trivial UMTC k, then (C, c) should have topologically protected chiral gapless edges. It suggests the following mathematical conjecture. Conjecture 6.3. For any UMTC C, there is a unitary VOA V such that Mod V is a UMTC which is Witt equivalent to C.
Remark 6.4. The above conjecture is significantly weaker than the stronger conjecture that every UMTC C coincides with Mod V for some VOA V such that its central charge mod 8 coincides with the topological central charge of C (see for example [TW] ). Our theory of chiral gapless edges of 2d topological orders does not require (nor support) the stronger conjecture to be true. Interestingly, if there are only finitely many chiral gapless edges of a given bulk phase (C, c), an assumption which is not unreasonable, then our theory suggests that there are only finitely many unitary VOA's of a fixed central charge c such that their module categories are Witt equivalent to a given UMTC C.
By the folding trick, we automatically obtain a classification of the gapless/gapped walls between two 2d bulk phases (C, c 1 ) and (D, c 2 ) . If c 1 = c 2 and C, D are Witt equivalent [DMNO, Ko6] , then there are gapped walls; if otherwise, then all the walls are necessarily gapless.
0d defects and bulk CFT's
In this section, we briefly discuss 0d defects between different gapless edges and the appearance of modular-invariant bulk CFT's.
Figure 5: (a) depicts a two 2+1D bulk phases (C, c) and (C, c), equipped with the canonical edge and its time reverse, respectively, and separated by a gapped domain wall M. x, z are objects in M, and the internal hom [x, z] ∈ M is defined by [x, z] = z ⊗ x * . These internal homs form a canonical 0d edge of the 1d wall M (more details will be given in [KZ3] ). (b) depicts a 1+1D world sheet obtained by squeezing the entire 2-disk in (a) to the 1d wall M.
Let us consider the situation depicted in Figure 5 (a) . Let M be a gapped wall between two bulk phases (C, c) and (C, c). Namely, M is a UFC such that Z(M) = C C = Z(C) as UMTC's. Let (V, C, C) be the canonical edge of (C, c) (i.e. Mod V = C). Note that we have flipped the orientation of the part of edge on the right side of the wall M. As we have discussed in Remark 5.3, we need change the triple (V, C, C) to (V, C, C rev ) in order to leave the edge unchanged. Now we consider a dimensional reduction process by fusing these two gapless edges with the gapped wall M. The process is depicted as passing from Figure 5 (a) to (b). The result of this fusing process is a 1d gapless wall between two trivial phases defined by
Its 1+1D world sheet is depicted in Figure 5 (b). Both chiral and anti-chiral fields live on this 1+1D world sheet. Those fields on the world line supported on the trivial topological excitation 1 M are given by the internal hom [1 M , 1 M ] C C in C C. This internal hom is a Lagrangian algebra and is also called the full center of 1 M , denoted by
is the set of simple objects in C, is nothing but the charge-conjugate modular invariant bulk CFT. It turns out that the map M → Z(1 M ) defines a one-to-one correspondence between gapped walls M and modular-invariant bulk CFT's over V ⊗ C V. Therefore, Figure 5 provides a physical explanation of the one-to-one correspondences among the following three sets: the set of Lagrangian algebras in Z(C), that of gapped walls between (C, c) and (C, c), and that of modular-invariant bulk CFT's in C C [KR1, KR2, DMNO, Ko6] .
Remark 7.1. More general heterotic modular invariant bulk CFT's will be discussed in Remark 7.4. The correspondence between Lagrangian algebras and modular-invariant bulk CFT's was first proved in [KR2, Thm. 3.4] . The physical explanation of this correspondence was provided for abelian anyon systems by Levin in [Le] . Using the general anyon condensation theory [Ko6] (see also [ERB, HW] ), Levin's arguments can be trivially generalized to non-abelian anyon systems. In this work, we have generalized all these earlier works, and have made this corre-spondence more precise by an explicit formula Eq. (7.1) and by its generalization in Remark 7.4 in terms of a new mathematical structure: enriched monoidal category. Now we discuss a 0d edge of the 1d wall M. In order to give a boundary CFT interpretation of the observables on this 0d edge, we must link M to an OSVOA. It turns out that M can always be realized by the category C W|W of W-W-bimodules, where W is a CSSFA in C [O, ENO2, FS1, FRS1] thus an OSVOA extension of V [HK1] . As a consequence, M can be viewed as a subcategory of C. This CSSFA W is not unique, but it is unique up to Morita equivalence. Different choices of W in the same Morita class amount to relabeling the objects in M. Moreover, there is a one-to-one correspondence between the set of UFC's M (up to equivalences) such that Z(M) = Z(C) and that of the Morita classes of CSSFA's in C [ENO2] .
Once we have fixed W, there is a canonical 0d edge of the gapped wall M (depicted in Figure 5 [FFRS2, KR1, D1] . Moreover, these internal homs [x, x] in M for all x ∈ M realize all boundary CFT's over V that share the same bulk CFT Z(1 M ) [KR1, KR2] . In this way, we have naturally recovered all boundary-bulk CFT's over V from 2d topological orders via a dimensional reduction process. Remark 7.3. Since (V ⊗ C V, C C, M) is a gapless wall between two trivial phases, the Drinfeld center of the enriched monoidal category (C C, M) is exactly the trivial UMTC H [KZ2] . Such a gapless wall is called gappable (recall Remark 6.1). By [Z, Corollary 4.3] 
defines a bijection between the set of gapped walls between (C, c) and (D, c) , that of Lagrangian algebras in C D. These Lagrangian algebras are precisely those modular-invariant bulk CFT's in Z(Mod A ) containing U ⊗ C V as a full field subalgebra [FFRS1, D2, DMNO] . The fusion category M can be realized by E W|W , where W is a CSSFA in E := (Mod A ) U|V . The 0d edge of the wall M is still given by the pair (W, M ), where M is the M-enriched category consisting of the same objects as those in M and All [x, z] in M can be interpreted as boundary CFT's (or walls) over A and share the same bulk CFT Z(1 M ). We will give more details in [KZ3] .
Remark 7.5. We will give a detailed study and a classification of all 0d walls in [KZ3] . There are some physics works on 0d walls between different gapless edges of 2d topological orders (see [CCBCN] ). But boundary CFT's were not mentioned there.
Remark 7.6. It will be interesting to understand the relation between our approach towards the gapless edges of 2d topological orders and the well-known formulation of boundary-bulk RCFT's as holographic boundaries of a 2+1D Reshetikhin-Turaev TQFT's [FFFS, FS1, FRS1, FRS2, FFRS1, KS] . We hope to clarify this relation in the future.
Summary and outlooks
In this work, we have shown that a gapless edge of a 2d bulk phase (C, c) can be mathematically described/classified by an enriched monoidal category M together with a VOA V. This description includes that of gapped edges as special cases. Therefore, we have found a unified mathematical theory for both gapped and gapless edges.
We have left out a few important issues that will be discussed in [KZ3] . We briefly mention them below.
• Some gapless edges given in our classification are actually gappable. A gapless edge is gappable if it shares the same bulk with a gapped edge. Mathematically, a gapless edge (V, B, M) is gappable if its Drinfeld centers Z(B, M) coincide with that of a UFC N, or equivalently, (B, M) is Morita equivalent to (H, N) [Z] .
• In [KZ1] , the complete mathematical statement of the boundary-bulk duality for gapped edges can be stated as a functor mapping UFC's to their Drinfeld centers. Moreover, the functor is fully faithful. We will prove a similar result for gapless/gapped edges.
Enriched monoidal categories are also useful in the study of topological order with symmetries (SPT's/SET's). Our results shed light on how to describe gapless/gapped edges for SPT's and SET's. We will come back to this point in the future.
The unified mathematical theory of gapless/gapped edges/walls also allows us to compute global observables for topological orders with gapless edges/walls via factorization homology [AKZ] . It will be interesting to explore them thoroughly in the future.
It is very important to study how to obtain a gapless edge from another via pure edge phase transitions (see for example [PMN, CCBCN, CCMNPY] 
and references therein).
A UFC C is a unitary braided fusion category if it is also equipped with a braiding c x,y : x⊗y − → y⊗x for x, y ∈ C satisfying the Hexagon relations. A UMTC is a unitary braided fusion category such that 1 is the only simple object that is symmetric to all objects [Tu] . In other words, if x is simple and c y,x • c x,y = Id x⊗y , ∀y ∈ C, then x 1. Definition A.1. Let C be a monoidal category. An algebra in C is a triple (A, m, ι) , where A is an object in C, m : A ⊗ A → A and ι : 1 → A are morphisms in C, such that
If C is a UMTC, then a commutative connected separable algebra is called anétale algebra [DMNO] , or a condensable algebra (due to the fact that it determines an anyon condensation in a 2d topological order [Ko6] ).
Definition A.4. Let C be a monoidal category. A co-algebra in C is a triple (A, ∆, ), where A is an object in C, ∆ : A → A ⊗ A and : A → 1 are morphisms in C, such that
Remark A.5. If C is UFC and (A, m, ι) an algebra in C, then the triple (A, m * , ι * ) is automatically a co-algebra in C.
Definition A.6 ([FS1]
). Let C be a monoidal category. A Frobenius algebra in C is a quintuple (A, m, ι, ∆, ) such that (A, m, ι) is an algebra and (A, ∆, ) is a co-algebra and
We abbreviate a connected special symmetric Frobenius algebra to a CSSFA. Remark A.7. A special Frobenius algebra is automatically a separable algebra. Conversely, a connected separable algebra in a UFC has a unique structure of a CSSFA.
Let C be a UFC. Let M be a left C-module, which is a unitary category M equipped with a unital and associative action : C × M → M. In other words, for a, b ∈ C, x ∈ M, we have b x ∈ M, 1 x x and a (b x) (a ⊗ b) x. For x, y ∈ M, the internal hom [x, y] is an object in C defined by the following isomorphisms for all a ∈ C, 
In this case, it is very easy to show that such defined [x, y] satisfies the universal property of internal hom. More precisely, by the rigidity of C, there is a canonical isomorphism φ :
2). Moreover, in this case, the canonical morphism ev : 
A.2 Enriched monoidal categories and a canonical construction
In this subsection, we recall the definition of an enriched monoidal category and a canonical construction of it. Definition A.10. Let B be a monoidal category. A category C enriched in B, or a B-enriched category, consists of a set of objects Ob(C ), an object Hom C (x, y) in B for every pair x, y ∈ C , and a composition morphism • : Hom C (y, z) ⊗ Hom C (x, y) → Hom C (x, z) for x, y, z ∈ C , such that there exists a morphism id x : 1 B → Hom C (x, x) for x ∈ C rendering the following diagrams commutative for x, y, z, w ∈ C : Hom C (x, y) ⊗ Hom C (x, x) It is well-known that this M is a B-enriched category [Ke] .
Definition A.13. The underlying category C of a B-enriched category C is an ordinary category defined as follows: Ob(C) = Ob(C ) and hom C (x, y) := hom B (1 B , hom C (x, y)) for x, y ∈ Ob(C).
The identity morphism in hom C (x, x) is id x and the composition of morphisms is naturally induced from that of C . Note that the composition of two enriched natural transformations ξ : F → G and η : G → H is defined by (η • ξ) x = η x • ξ x : 1 B → Hom D (F(x), H(x) ). An enriched natural transformation ξ is called an enriched natural isomorphism if each ξ x is an isomorphism. Now we assume that B is a braided monoidal category equipped with braiding c x,y : x ⊗ y → y ⊗ x for x, y ∈ B. Let C and D be B-enriched categories. The Cartesian product C × D is a B-enriched category defined as follows:
• Ob(C × D ) = Ob(C ) × Ob(D );
• Hom C ×D ((x, y), (x , y )) = Hom C (x, x ) ⊗ Hom D (y, y );
• the composition
• : Hom C ×D ((x , y ), (x , y )) ⊗ Hom C ×D ((x, y), (x , y )) 
